Using area detectors for stress determination by diffraction methods in a single exposure greatly simplifies the measurement process and permits the design of portable systems without complex sample cradles or moving parts. An additional advantage is the ability to see the entire or a large fraction of the Debye ring and thus determine texture and grain size effects before analysis. The two methods most commonly used to obtain stress from a single Debye ring are the so-called cos a and full-ring fitting methods, which employ least-squares procedures to determine the stress from the distortion of a Debye ring by probing a set of scattering vector simultaneously. The widely applied sin 2 w method, in contrast, requires sample rotations to probe a different subset of scattering vector orientations. In this paper, we first present a description of the different methods under the same formalism and using a unified set of coordinates that are suited to area detectors normal to the incident beam, highlighting the similarities and differences between them. We further characterize these methods by means of in situ measurements in carbon steel tube samples, using a portable detector in reflection geometry. We show that, in the absence of plastic flow, the different methods yield basically the same results and are equivalent. An analysis of possible sources of errors and their impact in the final stress values is also presented.
Introduction
Area X-ray detectors allow the recording of residual elastic strain in a material along a set of scattering vectors in a single measurement, so that the number of sample rotations required for determination of the residual stress state is significantly reduced and, in some cases, completely eliminated. This well-known fact formed the basis of traditional 'film' techniques, where Debye Ring(s) from a polycrystalline sample were captured on X-ray sensitive photographic film using laboratory systems [1] [2] [3] or portable stress analyzers [4] . A comprehensive review of such 'single-exposure' techniques was given by James and Cohen in 1978 [5] . Within the last decade, modern detectors which record and(or) read out incident X-ray intensities electronically from the cells of a pixelated area detector replaced film. Publications utilizing these new area detectors reported 'new' techniques for the analysis of residual stresses, where terms like 'XRD 2 : Bidimensional X-Ray Diffraction' [6] or '2-dimensional X-ray diffraction' [7] were introduced. In contrast to the conventional sin 2 w technique used with point detectors, which requires the measurement of strain in at least two distinct sample orientations for plane stress states [8, 9] , with area detectors the residual stress can in principle be determined in a single exposure, irrespective of the type of detector, or the terms used to describe it. This advantage, combined with the miniaturization of image plates, X-ray sources, and associated reading electronics, has resulted in commercial portable apparatus designed for in-line and field measurement applications, especially for ferrous metals [10] . An additional advantage of an area detector is the ability to see the entire Debye Ring before analysis and thus determine texture and grain size effects [11] . Due to these benefits, area detectors are specially well suited for performing in situ measurements, either at elevated temperatures or as a function of applied stress, i.e., references [12, 13] . Different approaches for the determination of the stress state from the information contained in a single Debye exposure exist, such as the cos a method introduced by Sasaki et al. [14] [15] [16] or the direct leastsquares fitting of the measured strain [17] . Despite the attractiveness of these portable devices in both industrial and scientific applications, there is no current agreement among experts on the most efficient, precise, and accurate stress determination formalism.
In this work, we compare the three proposed methods from both theoretical and experimental points of view. A code for the generation of synthetic 2D X-ray diffraction patterns was developed and used to study the different methods' sensitivity to misalignment, detector calibration parameters as well as scatter in the data. For the experimental assessment, we have used a portable X-ray residual stress measurement apparatus (l-X360 residual stress analyzer from Pulstec Industrial Co., Ltd.) to determine the residual stress in 1010 Carbon Steel cylindrical tubes in situ during tensile loading. The measurement conditions, with tight space constraints for the detector, as well as the use of a nonflat specimen, were chosen to approach those of actual applications. Several samples were tested through the proportional limit and the residual stress at various loads was determined from single X-ray exposures, using both the cos a and the direct least-squares fitting methods. Measurements were performed at different sample orientations with respect to the incoming beam to both assess its effect on the calculated stress as well as allow us to use the sin 2 w technique for comparison. We emphasize that our purpose is comparing the stresses obtained by these techniques to each other, not to a known (applied) stress. The latter case would be testing the accuracy of the techniques. However, portable residual stress measurement devices are easy to misalign during field measurements [10] , and if so, will measure the wrong stress value independent of the technique used. Our results show that, for a misaligned machine, all techniques will be in error by the same amount, and in the case of a perfectly aligned sample all three would yield the correct stress.
Stress determination using area detectors X-ray-based techniques to determine the (elastic) strain and stress in a material rely on the use of interplanar spacing in a crystalline material as a built-in strain gauge [7] [8] [9] . By measuring the lattice spacing d in a stressed sample and comparing its value with the lattice spacing d 0 of a stress-free sample (ideally identical to the stressed one in every other aspect), we obtain the projection of the strain tensor along the scattering vector used in the determination of d. Let ðw; /Þ be the polar angles that determine the scattering vector q S in sample coordinates,
Then the strain measured along the scattering vector at angles ðw; /Þ can be expressed in terms of the strain components ij in sample coordinates as
Due to the shallow penetration of X-rays in most materials, typically only near-surface stresses can be measured, where due to boundary conditions the normal stresses vanish to zero at the surface [8] . An additional hypothesis is the absence of steep strain gradients [18, 19] . If that is not the case, a more detailed treatment is needed [20] . It is then customary to assume a bi-axial (or plane stress) stress state so that 
We will further assume that the material's elastic behavior can be described as isotropic and homogeneous, so Hooke's law takes the form:
Where Einstein's summation convention is used throughout. With these assumptions, Eq. (2) simplifies to
Or, in terms of stresses:
where r / ¼ r 11 cos 2 / þ r 12 sin 2/ þ r 22 sin 2 /. Equation (5) is the basis of the sin 2 w method that has been used for over 50 years as the X-ray method of choice for stress determination [8] .
Now we need to introduce the goniometer conventions that will relate the orientation of the scattering vector in laboratory (diffractometer) coordinates with those in sample coordinates (Fig. 1) . We will consider a 2D X-ray area detector oriented so it is normal to the incoming (primary) beam and thus records backscattered beams diffracted from the sample (2h [ p=2). Diffracted X-rays will, for a certain family of lattice planes, form cones that will intersect the detector forming circles or Debye rings. The semi-angles of these cones will be defined as 2g ¼ p À 2h, and the polar angle along each of the Debye rings will be noted as a. Thus, for each point in the detector with coordinates (x, y), the equivalent cone coordinates can be determined using [7] 
where ðx 0 ; y 0 Þ describes the location of the incident X-ray beam in detector coordinates, while z 0 is the sample-to-detector distance. The scattering vector corresponding to each point in the Debye ring also resides in a cone, in this case of semi-angle g. Since each point in the ring corresponds to a different orientation of the scattering vector, there must exist a transformation that relates its coordinates q L in the lab system to those q S in the sample system. 
We will now consider sample rotations ðx 0 ; w 0 ; / 0 ) defined according to Fig. 1 . The transformation matrix between the two reference systems is then And so we can transform the coordinates by simple matrix multiplication.
J Mater Sci (2016) 51:5343-5355 À cos g À sin g sin a À sin g cos a It is instructive to consider some special cases of sample rotations ðx 0 ; w 0 ; / 0 Þ that lead to traditional scattering geometries commonly used in X-ray diffraction experiments.
Normal incidence
We consider now the case where x 0 ¼ w 0 ¼ / 0 ¼ 0. Now the primary X-ray beam is normal to the sample surface, and thus sample and detector planes are parallel. Now, in sample coordinates the scattering vector is simply
And thus we have w ¼ g; / ¼ a. In this geometry, the polar angle w is fixed and the azimuthal angle / is equivalent to the polar angle along the Debye ring.
Conventional h-h geometry
In a conventional h-h experiment, the incident beam makes an angle h with the sample surface and if w 0 ¼ 0 the scattering vector is normal to the sample surface, too. This implies that x 0 ¼ g. In this geometry, the primary and scattered beam lie in a plane containing the scattering vector when w ¼ 0. In a twodimensional vector, this condition is fulfilled at a ¼ Àp=2, and we get q S ¼ ½001.
Arbitrary w 0 tilt with x 0 ¼ 0 This is the case most relevant to our purposes, since it describes the geometry in the portable X-ray stress measurement device utilized in this study. Now the scattering vector in sample coordinates can be written in terms of sample rotations and Debye ring coordinates as in Eq. 11.
We must remember that, in general, ðw; /Þ 6 ¼ ðw 0 ; / 0 Þ, and the relationship to perform the transformation ðg; aÞ ! ðw; /Þ is rather complex. Two special cases can be described at angles a ¼ 0; p, as can be seen in Fig. 2 : at a ¼ 0 we have w ¼ w 0 þ g, while at a ¼ p we have w ¼ w 0 À g. This means that, for this geometry, the points in the Debye ring at a ¼ 0; p can be used directly in the sin 2 w method once the g angle is accounted for.
The cos a method
One of the methods that allows the calculation of stress from a single measurement with an area detector is the cos a method described by Sasaki et al. and others [14, 21] and implemented in commercial
Debye ring
IntersecƟon of the cone of normals instrumentation for residual stress determination. The basic idea is to start from the expression of the scattering vector in sample coordinates in terms of Debye ring coordinates, in the case of arbitrary w 0 . For simplicity, we will restrict ourselves to the sample-detector geometry depicted in Fig. 1 , where the incoming X-ray beam is normal to the flat 2D detector and only a rotation along S 2 in sample coordinates is allowed. For a stress-free sample, the scattering vectors lie along cones with semi-apex angle g ¼ h À p=2 for each set of lattice planes fulfilling Bragg's condition, producing a series of concentric Debye rings. For every point in the detector with angular coordinates ða; gÞ, Eq. (12) holds:
The strain projection along ðg; aÞ coordinates could be written in terms of the scattering vector and strain components as a ¼ q i q j ij . We will assume plane stress conditions and consider an elastic, isotropic, and homogeneous material such that
We can substitute to find the strain projection in terms of stress components:
Now we define parameters a 1 ; a 2 as
From here, we can now obtain
And we now consider the special case of / 0 ¼ 0 to get
So by plotting the parameters a 1 ; a 2 as a function of cos a and sin a; we obtain two linear relationships, the slopes of which will be proportional to r 11 and r 12 , respectively.
Full Debye ring fitting
For simplicity, let us continue assuming that x 0 ¼ 0, so the scattering vector can still be written as in Eq. 21:
IntersecƟon of the cone of normals X-ray beam Figure 2 Stereographic projection sample coordinates ðS 1 ; S 2 ; S 3 Þ for the case of sample rotations with
In this case, the scattering vectors laying at a ¼ 0; p correspond to angles w ¼ w 0 AE g in sample coordinates.
As we have seen, there is a linear relationship between the experimentally determined strain projection a and the strain components in the sample coordinates ij , where the linear coefficients q i are simply the components of the scattering vector, meaning that
Now the q i 's depend only on sample geometry parameters and Debye coordinates w 0 ; / 0 ; g; a and are thus known, so Eq. (22) represents a set of linear equations for each polar angle a at which the strain is determined. The four unknowns are the ij (in plane stress 13 ¼ 23 ¼ 0) and the independent terms a are determined experimentally. Since the number of a values probed is more than four (typically 360 at least), the system is overdetermined and can be numerically solved in the least-squares sense. Experimentally, the Debye ring is fitted to obtain 2hðaÞ and then the strain is calculated using
Effect of diffraction volume
For diffraction to occur, the incident and diffracting beam vectors and the normal to the diffracting planes must be co-planar, with the normal of the diffracting planes making equal angles with the two wavevectors. Consequently, distinct groups of grains, with parallel diffracting plane normals, contribute to the diffraction profiles obtained at the various w; /; g; a coordinates. We define the total volume of such a set of grains as the information volume for these angular coordinates. All formulations discussed above for computing the stresses from diffraction data assume that the same quasihomogeneous bi-axial stress tensor exists within all diffracting volumes sampled by all techniques. This is not a strong assumption and must be verified experimentally on a case-by-case basis. For example, this assumption is justified in shot-peened samples where, because of the random plastic deformation field caused by multiple impacts, any pre-existing crystallographic texture is destroyed in the peened layer, and the same macrostress distribution is obtained from all reflections and all accessible w tilts of a given reflection. However, this is not the case for samples plastically deformed in uniaxial tension [8] .
In such cases, the results from the three formulations might not agree.
Materials and methods

Experimental setup
A miniature portable 2D X-ray apparatus (Pulstec l-X360, Pulstec Corp., Japan) was used to determine residual stresses in carbon steel tubular samples as a function of applied load. This apparatus has been described elsewhere [10] ; in brief, it consists of a low intensity Cr K a source with a filter and an image plate 30 mm in radius positioned normal to the incident beam. Under these conditions, back-diffracted beams from the sample surface are captured by the image plate at 50 lm resolution. Beam spot size is approximately 2 mm for the default 1-mm pinhole collimator, and angular coverage for a 40 mm sample-todetector distance is 2h ¼ 145 À 175 . An Instron 5984 Universal Testing Machine was used to apply a tensile load to the specimens via pneumatic grips. The machine was operated in load control and strain was recorded using a clip-on extensometer. Nominal loads corresponding to stresses in the range of 0-275 MPa were applied in 25 MPa increments, and at each load one X-ray diffraction pattern was acquired. Once a target load was reached, it was held for the total duration of the X-ray measurement, which in our case amounted to 40 s of exposure plus 50 s of image plate readout and processing time. 
Samples
Samples studied in this work were seamless tubes of 25.4 mm diameter and a wall thickness of 1.24 mm, conforming to ASTM 179 and SAE J524 standards. The tube material was very low-carbon steel conforming to AISI 1010 specifications, which was cold drawn and heat treated at 650°C. The microstructure of this material is presented in Fig. 3 : as expected from the composition, it consisted of primary ferrite with small, isolated islands of pearlite. Ferrite grain size was determined to be ð12 AE 2Þlm by the line intercept method. Samples were checked for texture and phase composition using a laboratory diffractometer using Cu radiation with a graphite monochromator (figure S1 of the supplementary information): no significant texture was detected (see figure S2 ). Due to the very low cementite content, no Fe 3 C peaks were observed. The use of tubular samples introduced an additional set of alignment difficulties, when compared with the more typical flat specimens, that were in our opinion more representative of actual applications where complex geometries, tight space constraints, and alignment difficulties are to be expected (see Figure S3 in the supplementary information for actual pictures of the setup).
Data analysis and stress calculation
Internal software supplied by the X-ray apparatus was used to compute detector parameters (beam center and sample-to-detector distances) at zero external load. This approach referred all subsequent measurements to this datum and ensured that, as long as the applied load stayed below the elastic limit (and, consequently, did not change any initial residual stresses), subsequent X-ray analysis would only yield the (uniaxial) applied stress values. Nominal detector-to-sample distances were in the 35-50 mm range, which resulted in only one Debye ring, from the (211) reflection of the BCC ferrite phase, being recorded. We used a ¼ 2:8664 Å as the unstressed lattice parameter at zero load for calculating the sample-to-detector distance.
Detector tilt and/or distortion were determined by fitting the Debye ring to an ellipse using the hypothesis that, for a residual stress-free sample in the absence of applied load, any ellipticity in the Debye ring must be due to detector rotation. Since a deviatoric strain tensor would also result in a deformed, elliptical Debye ring, we fitted the rings obtained at zero applied stress using the full-ring procedure described previously and obtained a 'fictitious strain' (the strain state that would result in the same deformation of the Debye ring as observed due to detector tilt) that was used to correct subsequently determined strains under load.
For all stress calculations, the X-ray elastic constant, E is a multiplier in all three formalisms, comparing the equivalency of their stress output is independent of the selection of elastic constants. Two sets of data were acquired for each of the three different beam incidence angles studied, at w 0 ¼ 0 ; 35 ; 45 . This allowed us to study the effect of beam incidence angles on stress calculation, and also to obtain a set of strain values at different w so as to be able to use the sin 2 w method for comparison.
Nominal w values studied were 11.8°, 23.2°, 33.2°, 46.8°, and 56.8°; additionally, the extensometer provided the strain at w ¼ 90 . A code solving Eq. (22) in the least-squares sense was implemented in MATLAB. A slight modification of the fitting equation was performed so the variation of scattering angle hðaÞ with the polar coordinate was performed directly without requiring the specification of a stress-free reference angle h 0 :
This has the advantage that the stress-free angle h 0 is now the independent term and can thus be obtained as part of the least-squares fit. The previous equation is, in theory, valid for the general case of a triaxial stress state; however, some simplifications can be introduced for plane stress conditions, namely 13 ¼ 23 ¼ 0 and 33 ¼ Àmð 11 þ 22 Þ=ð1 À mÞ, where m is the Poisson's ratio of the material. The produced code was tested by generating synthetic data sets, adding normal noise and then fitting the resulting data to obtain the stress components and compare with the initial values. Additionally, the impact of errors in the determination of some of the input parameters (sample rotation) in the final stress result was assessed by means of these simulations.
Results and discussion Figure 4 shows the raw information from the image plate, showing some spottiness of the Debye ring, also evidenced in the variation of the (211) Fe peak area along the Debye ring and, to a lesser extent, in the change in FWHM of the peak. There are also variations in the experimental 2h vs a profiles as can be seen in Fig. 5 , which shows the 2h position of the peaks as a function of a, along the Debye ring, for tests performed at w 0 ¼ 35 ; 45 . The measured profiles exhibit slight systematic undulations around the expected values: these 'undulations' are along the a Figure 4 Raw data from the image plate at zero applied stress, for the case of w 0 ¼ 35
. Top normalized diffraction intensity as a function of 2h and a. Bottom left peak area along the Debye ring. Bottom right peak FWHM along the Debye ring. angle and are not related to the well-known oscillations in sin 2 w [22] [23] [24] [25] [26] , but are due to the (proprietary)
pixel intensity-data analysis algorithm in this particular machine; these algorithms are inaccessible to the users. We also observed these undulations in data measured from the calibration powders (annealed ferrite powder with a grain size around 1 lm) supplied by the system manufacturer [10] . Peak area plots as a function of azimuthal angle (Fig. 4 , lower left panel) were uniform and allowed us to discount effects of crystallographic texture. As we saw in ''Arbitrary w 0 tilt with x 0 ¼ 0'' section (and Fig. 2 ), a single exposure that covers the whole Debye ring also allows for the determination of stress using the sin 2 w method, although only using the two points that correspond to / ¼ 0, namely those at a ¼ 0; 180 . In this case, the information volume of the two-tilt sin 2 w method is a subset of the information volume of the Debye ring analysis. In light of this fact, we used diffraction data from a single exposure to calculate the average axial stress and standard deviation using both area detector-based single-exposure techniques, and the two-tilt sin 2 w method.
This approach somewhat alleviated the sampling issues arising from the use of multiple w tilts, with completely independent information volumes. A comparison between the sin 2 w and the full Debye ring method can be seen in Fig. 5 : in addition to experimental Debye ring profiles at different stresses, we plot simulated Debye rings where the input stress value is obtained from the sin 2 w method. Reasonable agreement is observed. Figure 6 shows axial (r xx ) stresses calculated using single-exposure methods (either least-squares fitting of the entire Debye ring or cos a) against stresses calculated using the conventional (two-tilt) sin 1 The precision of 'real' residual stress measurements on an engineering sample, obtained under conditions which are similar to those encountered during typical field practice, is worse, by an order of magnitude, than the values quoted for 'ideal' samples, i.e., AE20 versus AE2 MPa. This is consistent with past residual stress measurement practice using laboratory and field instruments. We again note that the scatter in the measured data in this figure is related to the precision (not accuracy) of the particular system (instrument, sample, measurement conditions). 2 The stress values obtained from both areadetector-based single-exposure techniques are, within error, equal to the two-tilt sin 2 w formulation for applied stresses in the elastic range (Fig. 7) . For higher applied stresses, we observe a systematic deviation of the stresses measured by the single-exposure techniques from the dashed line denoting 1-to-1 correspondence with the two-tilt sin 2 w formulation. As noted before, this deviation might be caused by either (i) the elastic grain interaction stresses forming in response to the heterogeneous distribution of plastic flow in the microstructure, and the correspondent heterogeneous elastic residual strain distribution within the diffracting volumes, or (ii) the modification of any existing residual stresses due to plastic flow, or a combination of both effects [5] . This point should be taken into consideration in the selection of instruments/techniques for measurements on samples with complex residual stress distributions, as well as in the interpretation of the results. It might be possible to overcome these issues with careful texture measurements, calibrated elastic constants, and a better theoretical framework. We are working on this issue and will report our findings in a later article.
Error analysis
Even though errors associated with the sin 2 w method are extensively treated in the literature [8, 9] , there are very few publications dealing with the errors associated with single-tilt, area-detector-based, techniques. We used the equations presented in ''Stress determination using area detectors'' section to investigate the sensitivity of cos a and full Debye ring fitting formalisms to variations in measurement parameters, such as 2h values vs. a. We chose to study errors associated with the angle w 0 because it will be difficult to measure accurately for a portable detector not mounted in a goniometer with precise reference to the sample. For this purpose, we performed a series of calculations aimed to assess the impact of errors in the Debye ring radius determination Dð2hÞ as well as error in sample rotation Dw 0 . For the first case, Gaussian noise was added to the Debye rings with various standard deviations. For each selected standard deviation, a total of 200 Debye rings were simulated with a uniaxial stress of r xx ¼ 0 and fitted (see Fig. 8 for an example), and the standard deviation of the calculated stress was computed. Results are shown in the top panel of Fig. 9 . Both methods gave almost identical results, and it is clear from the data that both are robust: if errors in 2h were normally distributed (although admittedly, they usually are not), then only a standard deviation of 10 À2 would be required to determine uniaxial stress with a relative error of 10 %.
The errors in determination of the sample orientation have a much higher impact. To assess this effect, Debye rings were calculated again for a uniaxial stress of r xx and different orientations w 0 þ Dw 0 , and later fitted with both methods using the 'wrong' value w 0 . The bottom panel of Fig. 9 shows our results: the error in stress determination is larger for larger dw 0 as expected, but also for a given dw 0 it is larger for smaller w 0 , meaning that accurate measurements require large sample tilts which are less sensitive to misalignment. Unfortunately, the irradiated area on the sample becomes much larger at higher w 0 tilts; which can cause defocusing errors. Further, this will limit the use of the technique to strain fields which are homogeneous over larger areas, and away from features such as fillets, weld-spots, key-ways, etc. which can cause rapid stress variations.
Conclusions
We have rigorously compared the methods used for determining residual stresses from diffraction profiles acquired with a portable X-ray measurement device utilizing an area detector. Our results show that the cos a and the direct least-squares fitting method for the entire Debye ring are theoretically identical to the two-tilt sin 2 w technique for a bi-axial stress state which is homogeneous in the diffraction volumes of the three techniques. Our experimental results using in situ uniaxial loading verify this conclusion. We observe, however, that plastic flow during loading impairs this equivalency. Consequently, we do not recommend the application of these techniques to samples possessing general strain tensors, or heterogeneous elastic strain distributions without careful calibration and analysis.
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